The stress field near the tip of a finite angle sharp notch is singular. However, unlike a crack, the order of the singularity at the notch tip is less than one-half. Under tensile loading, such a singularity is characterized by a generalized stress intensity factor which is analogous to the mode I stress intensity factor used in fracture mechanics, but which has order less than one-half. By using a cohesive zone model for a notional crack emanating from the notch tip, we relate the critical value of the generalized stress intensity factor to the fracture toughness. The results show that this relation depends not only on the notch angle, but also on the maximum stress of the cohesive zone model. As expected the dependence on that maximum stress vanishes as the notch angle approaches zero. The results of this analysis compare very well with a numerical (finite element) analysis in the literature. For mixed-mode loading the limits of applicability of using a mode I failure criterion are explored.
Introduction
Consider the stress field in the vicinity of a finite angle notch in a flat plate ( Fig. 1) under symmetric (e.g. tensile) loading. It is known that for notch angles b < p, the stress field is infinite in the limit as r ! 0 (Williams, 1952) . However it is only for a crack (i.e. b = 0) that the well-known square-root singularity exists. In such cases it is the stress intensity factor (K I for mode I, i.e. tensile loading) which governs the local stress field in the immediate vicinity of the crack (e.g. Ewalds and Wanhill, 1984) . In particular the normal stress acting on the symmetry plane (h = 0) is given by s hh ðr; 0Þ ¼
It is, of course, also known that the infinite stresses predicted by linear elasticity cannot exist. Nonetheless knowledge of the stress intensity factor is what is needed to predict crack propagation in the context of linear elastic fracture mechanics. If K I P K IC the crack will propagate; otherwise it will not. The quantity K IC is known as the critical stress intensity factor, or fracture toughness and characterizes the resistance of the material to fracture.
Rather than using the stress intensity factor, another pointof-view is that given by the energy release rate (G) and the related J-integral, i.e.
where E ⁄ = E for plane stress and E ⁄ = E/(1 À m 2 ) for plane strain, E is Young's modulus, and m is Poisson's ratio. Thus crack growth will occur when G or equivalently J reaches a critical value equal to K 2 IC =E Ã .
Suppose now that the notch angle is not zero. The stresses are still singular for 0 < b < p, but the order of the singularity is given by k, where 0 < k < 1 2
. The normal stress acting on the symmetry plane (h = 0) is then s hh ðr; 0Þ ¼ Qr
where Q is referred to as the generalized stress intensity factor (e.g. Malyshev and Salganik, 1965) . Thus for a crack, Q as defined by Eq. (3), differs from K I by a factor of ffiffiffiffiffiffi ffi 2p p . More importantly, because k -1 2 the road to predicting fracture is not at all clear. Problems involving adhesive joints are also characterized by non-square-root singularities. Thus there have been numerous papers addressing the singular stress state which exists at the bimaterial interface of two wedges in an adhesive joint (Malyshev and Salganik, 1965; Gradin, 1982; Groth, 1985 Groth, , 1988 Munz and Yang, 1993; Tan and Meguid, 1997; Reedy, 2000; Reedy and Guess, 1997 experiments and generalizing to other geometries and loading conditions.
Experiments have been conducted for three-point bending of notched PMMA beams for different notch angles. Carpinteri (1987) compared the critical force required for failure for each notch angle to the corresponding critical force for propagation of a crack. Dunn et al. (1997a) presented experimental results for four different notch depths. By using finite element analysis, they were able to show that for each wedge angle there was a consistent value of the generalized stress intensity factor to initiate failure for different notch depths. In neither paper was a basis given for relating the critical value of the generalized stress intensity factor (Q C ) to the fracture toughness (K IC ). A finite element analysis of edge and center notches, without experimental results, was conducted by Dunn et al. (1997b) .
A brittle fracture criterion for structures with sharp notches was proposed by Seweryn (1994) based on the fracture of a crack at the tip of the notch. A fracture criterion for sharp notched samples in mode I was given by Gómez and Elices (2003) . They related the critical value of the generalized stress intensity factor to that of a crack using a finite element analysis. Very good agreement with experimental results from a variety of materials was obtained. Experimental results for mixed-mode loading are given by Gómez et al. (2009) in which a simple fracture criterion was proposed based on the dominance of local mode I. Ayatollahi et al. (2011) also present experimental results along with a failure criterion based upon the maximum tangential stress suggested by Erdogan and Sih (1963) for sharp cracks.
The relationship between the singular stress field at a sharp notch, and the case of a rounded notch has also been investigated. Lazzarin and Tovo (1998) investigated the stress field near welds in terms of generalized stress intensity factors. The range of validity and the limits of applicability of these results in the presence of weld toe radii were discussed. Dini and Hills (2004) showed how the notch radius affects the singular field. They also established a lower bound for loads at which the plastic zone is characterized by the singular field (Dini and Hills, 2006) . The effect of the finite notch radius on fracture was investigated by Gómez and Elices (2004) using a cohesive zone model. The results from the theory compared well with experimental results published in the literature for a variety of materials.
The contributions of mode I and mode II stress fields were quantified by Lazzarin and Zambardi (2001) using a control volume concept. The link between the radius of this volume and the dimension of the cohesive zone model became evident. The singular state of stress near the tip of a notch has also been investigated by Hills and Dini (2011) for mixed-mode loading. They observed that because the order of the mode I singularity was greater than that of the mode II, then as the notch tip is approached mode I will eventually dominate the purely elastic solution. However when taking into account a finite length process zone, the relevant question is which singularity dominates at the beginning of the process zone. Their results showed that it could be mode I, mixed-mode, or mode II depending on the loading and the material properties.In this paper, we use an analytical approach to revisit the problem studied with finite elements by Gómez and Elices (2003) . Namely suppose that for a given material we know the critical mode I stress intensity factor (K IC ), and for a certain problem (e.g. tension or bending of a plate with a finite angle notch) the order of the singularity and the mode I generalized stress intensity factor are calculated. Can we use these values to determine whether or not fracture at the notch will occur? We determine the relation between the critical generalized stress intensity factor (Q C ) and the fracture toughness (K IC ). The results agree very well with the finite element results of Gómez and Elices (2003) . We then explore the limits of applicability of this mode I failure criterion under mixed-mode loading.
Asymptotic analysis for solid wedge (2a)
Consider a finite angle notch in a flat elastic plate with coordinate system (r,h) as shown in Fig. 1 . The order of the singularity can be obtained using the asymptotic approach of Williams (1952) . We write the boundary conditions along the two free surfaces (h = ±a) as s hh ðr; aÞ ¼ 0; s rh ðr; aÞ ¼ 0; s hh ðr; ÀaÞ ¼ 0; s rh ðr; ÀaÞ ¼ 0: ð4Þ
These conditions are applied to the stress fields which are summarized by Comninou (1977) in a convenient form as
Following the procedure of Williams (1952) , the result of applying the boundary conditions (4) to Eq. (5) is a system of four homogeneous linear algebraic equations, the determinant of which must vanish for non-trivial solutions of A, B, C, and D. Setting the determinant to zero yields
in which the plus and minus signs in the first term correspond to symmetric (mode I) and antisymmetric (mode II) solutions respectively. It is noted that for 90 < a 6 180 the numerical solution of Eq. (6) for mode I gives one real root in the range 0 < k < 1 and no complex roots. Roots greater than unity are not allowed based upon energy considerations, whereas negative values of k lead to bounded stresses as r ! 0 and consequently are not of interest in this study. Similarly mode II solutions of Eq. and are valid for plane stress or plane strain conditions. However the emphasis in this work is on plane stress.
Analysis of the wedge with a cohesive zone model
In this section we will consider symmetric loading only. We recognize that the wedge solution of the linear elastic problem demands that the stresses be singular as r ! 0, and in particular that the normal stress acting on the plane of symmetry (h = 0) becomes infinite. Because such infinite stresses cannot exist, we use a simple cohesive zone model along the plane of symmetry in which the normal stress in the mathematical separation region is given by Ewalds and Wanhill (1984) s hh ðr; 0Þ ¼ r 0 ; 0 < 2u h ðr; 0Þ 6 h 0 0; 2u h ðr; 0Þ > h 0 ð7Þ
The portion of the separation region for which 0 < 2u h ðr; 0Þ 6 h 0 is called the cohesive zone and h 0 is such that the product of h 0 with the cohesive stress (r 0 ) is equal to the work of adhesion (w). The notional crack refers to the region in which u h ðr; 0Þ > 0 and extends over the interval (0,r 0 ) where the location of the notional crack tip (r 0 ) is, at this point in the analysis, unknown. The cohesive zone model eliminates the stress singularity at the tip of the notch by enforcing a bounded normal stress given by the cohesive stress. Furthermore the location of the notional crack tip is determined by the condition that the stresses at r = r 0 become bounded. For an ideally brittle material, the work of adhesion is equal to twice the surface energy and h 0 is approximately equal to the atomic equilibrium separation distance. Alternatively for plane stress with small scale yielding, the quantity r 0 represents the yield stress, i.e. the cohesive zone model corresponds to a Dugdale crack. Now consider, as an example, a flat plate with a notch under tension as shown in Fig. 3 . In the case in which the magnitude of the tension is sufficient to cause the crack opening to equal h 0 , i.e. 2u h ð0; 0Þ ¼ h 0 , a further increase in tension will then cause the crack to propagate. The configuration with the cohesive zone (Fig. 4a in which s hh ðr; 0Þ ¼ r 0 ; 0 < r < r 0 ) where, by symmetry, only the region for which h is positive need be considered. This problem is represented by the sum of two problems -the same problem without the cohesive zone (Fig. 4b in which s hh ðr; 0Þ ¼ Q r Àk ; 0 < r < r 0 ) and a residual problem with the cohesive zone but without far-field stresses (Fig. 4c) . It is this latter configuration which we will now analyze in the immediate vicinity of the cohesive zone. For mode I the corresponding boundary conditions are given by the difference between those of Fig. 4a and b, i.e. 
In Eq. (9), Q is the generalized stress intensity factor whose value has been determined from the solution of the problem depicted in Fig. 3 and is linear in the applied load. It is emphasized that this method is applicable to other geometries with a notch and subjected to symmetric loading; the tensile loading of a rectangular bar is merely an example used here. The solution for the generalized stress intensity factor for this or other problems may be obtained by using, for example, the finite element method Dunn et al. 1997a,b) .
The Mellin transform (Debnath and Bhatta, 2007 ) is a useful tool for analyzing the stress and displacement fields in a wedge. Its advantage over the simpler method of Williams is that it allows for the stresses and displacements to be determined away from the tip of the wedge (Tranter, 1948; Bogy, 1968 Bogy, , 1971 ). In the problem of Fig. 4c there are two potentially singular points -the wedge tip (r, 0) at which singular stresses are applied in the residual problem and the end of the cohesive zone (r 0 , 0) at which the stress is bounded. Thus the Mellin transform allows the behavior at both of these points to be accounted for. The Mellin transform of a suitably regular function f(r) on 0 < r < 1 is given bŷ f ðsÞ ¼
where s is a complex transform parameter. Before applying the Mellin transform we note that the stress and displacement fields can be found from the Airy stress function which is a solution of the biharmonic equation (Timoshenko and Goodier, 1970) , i.e.
The corresponding stresses and displacements are
where l is the shear modulus, and j = (3 À m)/(1 + m) for plane stress and j = 3 À 4m for plane strain. Again although the problem is formulated for both plane stress and for plane strain, the emphasis here is on plane stress. 
The integrals given in Eq. (18) as well as other calculations in this work were evaluated using the symbolic interpreter language Mathematica Ò (2007). The normal stress acting on the plane of symmetry can now be found using the inverse Mellin transform ofŝ hh ðs; 0Þ, i.e. s hh ðr; 0Þ ¼ 1 2pi
whereŝ hh ðs; 0Þ is given by Eqs. (15), (17) and (18) U m ðsÞFðsÞ cos p ln r 0 r þ i sin p ln r 0 r h i dp
It is noted that the unknowns on the right side of Eq. (20) are f m (m = 1,2,. . . M) and g n (n = 1,2,. . . N). These unknown constants are determined by applying the first of the mixed conditions of Eq. (9) to the normal stress in Eq. (20). The result is 
Now for propagation of the notional crack from the wedge tip
which leads to the critical value of the generalized stress intensity factor
Finally the work of adhesion (w) can be expressed in terms of the critical stress intensity factor according to
Thus the critical value of the generalized stress intensity factor (Q C ) has been expressed in terms of the critical stress intensity factor (K IC ). It is noted that Q 0 and f 0 1 are determined numerically for a given problem as described earlier in this section. It is also noted that Q C depends on K IC and also on r 0 , although for the special case of a zero notch angle, k = 1/2 and the dependency on r 0 vanishes.
Note that even for a large notch angle of 90°, the value of k is approximately 0.4552 and Q C depends very weakly on r 0 =K IC , i.e. on ðr 0 =K IC Þ 0:0896 . The corresponding critical length of the cohesive zone is given by
where r 1=2 is the critical length of the cohesive zone corresponding to a crack (i.e. b = 0).
Results and discussion
Eq. (22) here for that dimensionless relation agree to within 1% of the curve-fit equation obtained by Gómez and Elices (2003) :
Fig . 6 shows the results for the critical length of the cohesive zone divided by its critical length for a crack, i.e. r 0C =r 1=2 , vs. the notch angle. It is seen that as the notch angle (b) increases, the length of the cohesive zone also increases. These results are independent of the maximum stress of the cohesive zone model. It is noted that as the notch angle approaches 180°, the order of the singularity approaches zero and the length of the cohesive zone becomes large, indicating a transition from fracture-dominant failure to yield-dominant failure.
Mixed-mode loading
Aside from the asymptotic analysis in Section 2, all of the analysis presented thus far has been for pure mode I loading. Recently Hills and Dini (2011) have investigated the asymptotic stress field in mixed-mode loading close to a notch tip. In particular a length scale (d 0 ) was defined by
where Q I and Q II are the generalized mode I and mode II stress intensity factors. For distances from the notch tip (r) such that r ( d 0 , mode I will dominate the stress field due to the higher order of the singularity in mode I. Thus mode I will always dominant the fully elastic solution. They further concluded that if the length of the process zone in small scale yielding is much less than d 0 , then the problem is also dominated by mode I.
We therefore assert that if the critical cohesive zone length (r 0C ) is much less than d 0 then our mode I analysis will also be applicable even for mixed mode loading. Also, as stated in Section 2, mode II solutions of Eq. (6) only occur if a > 128.7°which corresponds to b < 102.6°. Thus for b > 102.6°mode II stresses are bounded in the fully elastic problem and mode I will always dominate. Note from Fig. 6 that when b < 102.6°the length of the cohesive zone is always less than about twice the critical crack length (r 1/2 ). Also note that for b less than about 90°, the length of the cohesive zone is approximately equal to the critical crack length. So for most cases the condition that r 0C ( d 0 is equivalent to r 1/ 2 ( d 0 .
It is important to realize that the ratio Q II /Q I is not dimensionless. As presented and discussed by Flicek et al., 2014 , dimensionless calibrations (S 1 , S 2 ) can be defined by
where a is the characteristic length scale of the finite problem (e.g. the distance to the nearest geometric feature), k is the yield strength in pure shear, and m is a dimensionless scalar which scales the applied load. In terms of these quantities,
which provides an alternative description of the quantity d 0 in terms of dimensionless mode I and mode II calibrations.
Conclusions
The singular stress field near the tip of a finite angle notch is characterized by the order of the singularity and by a generalized stress intensity factor. Unlike a crack, the order of the singularity for a notch is not equal to one-half. Symmetric loading of the notch is emphasized here. By using a cohesive zone model for a notional crack on the plane of symmetry at the tip of the notch, we have related the critical value of the generalized stress intensity factor to the fracture toughness. The results show that this relation depends not only on the notch angle, but also on the maximum stress of the cohesive zone model. As expected the dependence on that maximum stress vanishes as the notch angle approaches zero. The results of the theory are in excellent agreement with the finite element analysis published in the literature (Gómez and Elices, 2003) . The length of the cohesive zone has also been determined and shown to be larger than its length corresponding to a crack, increasing in length as the notch angle increases. This behavior indicates that a transition from fracture-dominant failure to yield-dominant failure occurs as the notch angle approaches 180°. The applicability of this mode I analysis to mixed-mode loading has also been explored. It is shown to be applicable if the mode I critical crack length is much less than a parameter d 0 defined by Hills and Dini (2011) . 
